This paper presents a meshless implementation of dual analysis for 2D linear elasticity problems. The derivation of the governing systems of equations for the discretized compatible and equilibrated models is detailed and crucial implementation issues of the proposed algorithm are discussed: (i) arising of deficiencies associated with the independent approximation field used for the imposition of the essential boundary conditions (EBC) for the two parts of the boundary sharing a corner and (ii) determination of the Lagrange multipliers functional space used to impose EBC. An attempt to implement the latter resulted in an approximation which is nothing more than the trace on the essential boundary of the domain nodal functions. The difficulties posed by such approximation are explained using the inf sup condition.
Introduction
Meshless methods for modeling complex problems in solid mechanics are well developed. Most of them are based on strain driven approaches, where the problem's weak form is built either from equilibrium in the domain and on the static boundary or from the potential energy [4, 25] . For the same problems, an alternative formulation the so called stress driven approach can also be used. Here the problem's weak form may be derived either by weakening the compatibility in the domain and on the kinematic boundary or from a restrained complementary potential energy statement. To the authors' knowledge, the use of the stress driven approach with meshless approximations is restricted to a single attempt [11, 12] .
Effectively, the implementation of this approach is more demand ing than the strain driven one, mostly, due to the following characteristics: (i) higher order derivatives may appear in the arising differential operators (if, for instance, stress generating functions are used), (ii) static boundary in most practical examples is larger than the one where kinematic boundary conditions (BC) are defined and (iii) some features of the problem can easily lead to numerical instability. These issues are not related with a specific approximation (FEM, Meshless, etc.), but are common to all of them. In fact, it results in the relative unpopularity of this approach. When both models are used in the analysis of a particular problem, it is possible to perform the so called dual analysis, introduced for the first time by Fraeijs de Veubeke with respect to the conventional finite element method [8, 9] . Regardless of the high computational cost, dual analysis can be efficiently used to obtain upper and lower bounds of some characteristic values of the system, typically, total strain energy, and of local quantities in certain parts of the domain, like stresses and displacements [7] .
Due to the complexity of the equilibrated model, a strategy commonly used nowadays is to recover an equilibrated solution from a compatible one. To this end various approaches have been proposed, e.g., the Ladevèze Maunder element wise equilibrium recovery [15] , a star patch recovery based on a partition of unity technique [19] , an NS FEM technique [18] , which modifies the Galerkin weak form and introduces smoothing domains inside the elements, where strains are modified in order to deliver quasi equilibrated solutions, etc.
Among the novelties of the paper the authors emphasize the following:
(i) The numerical assessment of the convergence rates (for several basis degrees) of the equilibrated model for plane elasticity.
(ii) The equilibrated model, together with the compatible one, allowed the authors to obtain bounds not only of the global, but also of the local quantities, using meshless approximations. (iii) A new proposal is made in order to locally impose the essential boundary conditions for both models. Instead of using Lagrange polynomials for the discretization of the independently approximated field on the essential boundary, this proposal is based on the trace of the domain approxima tion functions. This approach did not prove advantageous and its limitations were identified resorting to a set of numerical inf sup condition tests. (iv) A detailed analysis of the implementation issues of both models is performed.
Finally, for both models, the visualization of the stresses and of the Lagrange multipliers is presented, thus allowing a simple comparison of the solutions.
The structure of this work is as follows. Section 2 presents the basic solid mechanics differential equations and the two models required for dual analysis: compatible and equilibrated. The imple mentation issues, particularly relevant for the equilibrated model, are discussed in detail in Section 3. Section 4 discusses the compu tation of local quantities of interest by means of both models. Three numerical examples are then presented in Section 5: the classical Timoshenko beam problem, the infinite plate with a circular hole subjected to uniform tensile load and a perforated plate. Finally, Section 6 summarizes the theoretical and numerical results obtained.
Dual analysis

Linear elasticity equations
Consider a linear elastic plane domain, Ω, with boundary, Γ, subjected to body forces, b,i nΩ, distributed surface loads, t,o n the static boundary, Γ t , and constrained by prescribed displace ments, u, on the kinematic boundary, Γ u . As usual, we require that
The relations governing the plane stress elasticity problem are outlined below.
The compatibility equations in the domain are
and on the kinematic boundary they are
where ∇ is the gradient operator. The equilibrium equations in the domain are
and on the static boundary they are
where the tractions on a facet with outward normal n are
The constitutive relation is
where D is the fourth order constitutive tensor which, for two dimensional plane stress case, is
Here several fourth order tensors [21] were introduced: the identity tensor, ðIÞ αβγδ ¼ δ αγ δ βδ , the transposition tensor, ðI T Þ αβγδ ¼ δ αδ δ βγ , and the result of the dyadic product of two second order identity tensors I, ðI IÞ αβγδ ¼ δ αβ δ γδ . Notice that Greek letters, implying summation from 1 to 2, are used in the preceding equations to specify the components of the tensors.
Let us also introduce the potential energy, Π ¼ ΠðuÞ, and the complementary potential energy, Π n ¼ Π n ðrÞ, both outlined below. It can be shown [10] that, under appropriate conditions, the exact value of the potential energy of the system is bounded by these two values:
We start from the equilibrated model, making a short review of the compatible one afterwards.
Equilibrated model
To derive the associated weak form of the equilibrated model the complementary potential energy functional [10] is used:
where r is an equilibrated stress field. The static and kinematic BC are, in this case, the essential and natural ones, respectively. The latter already appear explicitly in the second term of the second member of (9), while the EBC can be imposed in various ways [13] : introduction of Lagrange multipliers [4] , coupling to finite elements [5] , resorting a penalty formulation [27, 1] , using Nitsche's method [14] , etc. In the present work Lagrange multipliers are added into the complementary potential energy functional (9) , resulting in the following aug mented functional:
It is trivial to prove that Lagrange multipliers represent the static boundary displacements. The notation in (10) was chosen to highlight this fact. The augmented weak form of the problem can be recovered equating the first variation of (10) to zero:
To derive (11) we took into account (5) and the fact that variations over prescribed quantities are zero, i.e., δu ¼ 0 and δt ¼ 0. The weak statement (11) does not imply any special requirements for the stresses, besides the ones arise from (3). It is possible to discretize the weak form expressed by (11) using the so called self equilibrated polynomial basis. The aim of the present work is to use meshless approximation functions. These ones cannot directly provide self equilibrated stress fields. To locally satisfy internal equilibrium (3), we consider stresses to be expressed by means of the scalar Airy stress function, Ψ [26] :
where Δ ¼ divð∇Þ is the Laplacian and V defines a potential of the domain body forces as follows:
For simplicity of the forthcoming discretization we use Voigt's notation, rewriting (11) in the matrix form:
where
is an n row vector of approximation functions. Substituting the latter approximation for Ψ in (17) and taking into account that δV ¼ 0 we obtain the discrete forms of the domain stresses and their variations for the two dimensional case:
andΨ is a vector that gathers the weights of the approximation. We also introduce an approximation for the Lagrange multipliers and their variations:
Discretized approximation spaces for the domain and boundary parameters are
Substituting (21) and (22) into (11) and after some simplifica tions, it is possible to obtain
Since the weak form (24) must hold for 8 δΨ and 8 δũ Γt , we can finally write the governing system of equations:
Compatible model
Following an approach that is complementary to the previous model, the compatibility relations are satisfied a priori, instead of the equilibrium ones. To derive the required weak form the potential energy functional is used:
where u is a compatible displacement field.
Complementary to the equilibrated model, the kinematic and static boundary conditions are the essential and natural ones, respectively. The latter are explicitly added as a second term in (27) and the essential boundary conditions can be imposed in various ways [13] . In the present work Lagrange multipliers are added into the potential energy (27) , resulting in the following augmented potential energy functional:
From the physics of the problem it follows that Lagrange multi pliers represent the kinematic boundary tractions. The notation in (28) was chosen to reflect this fact. The augmented weak form of the problem can be recovered by equating variation of (28) to zero [24] :
The approximants for the domain displacements and unknown boundary tractions are defined in the similar manner as it was done above for the equilibrated model, being the only difference now the fact that the domain approximation (for the displace ments) has two degrees of freedom instead of one. Variables of both types belong to the following trial and variation spaces: 
is a 2 Â 2n matrix of approximation functions. 
Eq. (29) leads to the following system:
Here ∂ is the compatibility operator, written for the 2D case as : ð38Þ
Implementation issues
The meshless methods implementation issues, crucial for the equilibrated model and the subsequent dual analysis, are discussed in the current section. General implementation aspects of the compa tible one can be found in [22] , where a complete and profound review is given.
Domain approximation functions
Let x i be the coordinates of a particle i in a domain Ω contain ing n nodes. Then the Multiple Fixed Least Squares (MFLS) appro ximation f h ðxÞ for an arbitrary function f ðxÞ is [20, 4] Matrix P contains values of basis functions pðxÞ for each particle of a domain:
The basis functions are defined as polynomials x k of degree k, but any set of linearly independent functions can be used.
In (41) we also introduced V ¼ diag½wðr 1 Þ; wðr 2 Þ; …; wðr n Þ; ð43Þ
and h i is the support radius of the i th particle. To specify V a weight function, w(r), needs to be defined. For this particular case we chose a quintic spline function with circular support:
Though the Multiple Fixed Least Squares approximation [23] is used, it can be shown that all the conclusions obtained also hold for the MLS case.
Computation of the support radius
According to the properties of approximation functions (39), the support size influences significantly the sparsity of the stiff ness and flexibility matrices and, consequently, the computational cost. Hence, from the practical point of view, it is desirable to choose the smallest possible support. However, its minimal size is bounded by the requirement of generating a non singular moment matrix, A,d e fined in (41).
Consider the usage of polynomial basis of degree k 4 0. When dealing with 2D problems, in order to avoid matrix ill condition ing, supports must satisfy the following conditions [24, 22] :
(i) each point of interest must be covered, at least, by 1 2 ðk þ 1Þ ðk þ 2Þ supports from its neighborhood; (ii) a certain point of interest must be covered in each two non collinear directions by, at least, m supports.
When these requirements are satisfied, it is possible, for a given discretization, to adjust automatically the sizes of the supports in order to guaranty matrix A invertibility and provide maxi mum sparsity. During this procedure each support size is enlarged according to a "safety" factor d, which normally ranges from 1.1 to 2.5 and in most examples below is considered to be d ¼1. 5 . For the compatible model to reproduce constant stress field we have to use, at least, a linear basis for the approximation of the domain displacements, since stresses are their first derivatives. To reproduce such field with the equilibrated solution the basis must be, at least, quadratic which results in a loss of sparsity. For instance, to obtain an exact solution of the Timoshenko beam problem, exposed in Section 5.1, it is required to use a 3rd degree basis for the compatible model and a 4th degree for the equilibrated one.
Lagrange multipliers approximation functions
To approximate the Lagrange multipliers two types of approx imants were used within the proposed approach:
(i) Lagrange polynomials of a prescribed degree:
and s p , p ¼ 1; 2; …; q, are the coordinates of the boundary nodes, used for discretization; (ii) the trace of the domain approximation functions on the essential boundary, Γ e , i.e.
The latter idea was originally proposed in [13] , but was not implemented and numerically assessed in that work. These two approaches have completely different fundamental behaviors. The first one implies that different spaces to approx imate values within the domain and on the essential boundary are used. Provided these spaces are chosen properly, this approach will lead to a numerically stable scheme. However, the draw back of such choice is that boundary conditions are not imposed locally, i.e., are not satisfied exactly at each point of the essential boundary.
On the other hand, it can be shown [24] that the exact imposition of the essential boundary conditions is guaranteed when: (i) both spaces for the approximation function inside a domain and on a boundary coincide and (ii) the domain appro ximation functions are able to exactly reproduce the imposed displacements. In practice MFLS approximants cannot be used explicitly in this manner. For instance, consider the domain in Fig. 1a clamped on the left side and subjected to a unit tensile load, uniformly distributed on the right side. Material parameters are Young's modulus E ¼ 1 Â 10 3 and Poisson's ratio ν ¼ 0:3.
This problem was analyzed with the compatible model and the two presented essential boundary approximants. A first degree basis was used for the domain approximation. The results pre sented in Fig. 2a were obtained with first degree Lagrange poly nomials, i.e., using q ¼1i n(46), for boundary approximation, as defined in Section 3.6.
When approximation (48) is used, the deformed shape depicted in Fig. 2b is obtained, where it can be seen that zero value displacements propagate inside a domain, clamping not only the boundary displacements along the line x 1 ¼ 0, but also the vertical displacements of the area where the domain unknowns are approximated by the particles whose supports intersect the essential boundary. It is visible that exactly two lines of particles intersect the boundary and the area bounded by the second line is completely locked, see Fig. 1b , where interacting particles are marked with red stars, while the green color is used for noninter acting ones. Notice that only 3 particles, out of the 12 nearest to the boundary, are shown for comparison in order to make the figure simpler.
To explain this result let us write the discrete bilinear form related to systems (35) and (25) [2] :
where u h and ϕ h form an arbitrary solution of (49) and v h and ψ h are corresponding trial functions. For this case, the LBB condition reads [3] inf
where β is a positive constant independent of h, the discretization size parameter. V h & H 1 is the domain variable approximation space, the first order Hilbert space, and F h is the boundary variables approximation space. The denominator of (50) contains norms which can be introduced in a different manner. To simplify further derivations we will use L 2 norms for both approximation spaces:
The last ingredient of the inf sup condition, the numerator of (50), can be expressed as
where J is an operator which projects domain approximation space on the boundary. The entire analytical proof of the inf sup condition is extre mely difficult due to the complex nature of the interpolation functions used in the current implementation of the meshless method. So, for our scheme we proceed with a numerical inf sup test [2] , where we compute the inf sup parameter β h for a sequence of discretizations of a certain problem. The problem is stable once the inf sup parameter asymptotically approaches a positive value greater than zero as the discretization is refined.
According to [2, 6] the inf sup condition can be rewritten in the matrix notation. To this end we rewrite the components of (50) in the corresponding form:
Notice that (54a) and (54b) are mass matrices (this fact has been reflected in the chosen notation) and the matrix (54c) coincides, apart from the sign, with matrix G introduced in (36). 
and its matrix form (53c) as
where vector W h , similar to V h , is a vector of nodal values corresponding to w h A V h . Consequently (53b) will take the form
With the aid of these simplifications the inf sup condition (50) may be written in the following matrix form:
According to [2, p. 324] , the inf sup parameter β h is given by the square root of the smallest nonzero eigenvalue of the problem
Hence, if there are ðk 1Þ zero eigenvalues (since M Ω h is a positive semidefinite matrix) and we sort the eigenvalues in ascending order, we find that
In practice, problem (60) has a very large size and, as has just been mentioned, lots of zero eigenvalues. To eliminate those eigen values and reduce the size of the problem the equivalent problem may be posed [6] :
This problem has no zero eigenvalues and the smallest one will give the value of the inf sup parameter. Let us recall the problem proposed in Fig. 1a and solve it with four nested distributions of particles. A linear basis was chosen in order to involve a minimum number of domain particles in the boundary approximation (see discussion in Section 3.2). In order to perform numerical test with representative results, special attention should be given to the generation of the domain particle distribution. For instance, if domain is discretized using a regular arrangement of nodes, like the one from Fig. 3a , the smallest eigenvalue of the problem is extremely low, 6:45 Â 10 À 6 , and once the discretization is refined, this value does not decrease, but oscillates around its initial number. Such behavior arises since the magnitude of the eigenvalue is small, being easily affected by numerical errors, which come out mainly from the numerical integration procedure and the eigenvalue problem solver. In fact, appearance of eigenvalues of this order of magnitude, 10 6 10 7 , already allows us to conclude that the problem is not stable, but to be fully consistent with the idea of the numerical inf sup test it is desirable to observe the smallest eigenvalue decreasing, rather than being so low from the first discretization.
The magnitude of smallest eigenvalue for the discretization (Fig. 3a) is specified by the nature of the approximation functions built by the proposed meshless method. Since they decrease sud denly when approaching the border of their supports, the trace of the second line of the particles has a very small value (see traces 4, 5a nd6i nFig. 4a): the maximum value is of the order of magnitude of 10 3 , which square gives something $ 10 À 6 ,w h a th a sb e e n observed in the numerical test. Moreover, if one more line of particles intersects the boundary, its trace will be even smaller. Notice that the requirements from Section 3.2 imply that the boundary is always intersected by at least two lines of particles. To overcome this difficulty, another type of discretization is proposed (see Fig. 3b ), where an extra line of particles was placed near the boundary. This discretization gives the trace of the second line of particles of the order of magnitude of 10 1 (see traces 4 and 5 in Fig. 4b) , which makes the smallest eigenvalue less sensitive to numerical errors. Positions of the extra particles depend on the average distance between particles, h. Therefore, a sequence of meshes of this kind is more suitable to track the behavior of the smallest eigenvalue.
The result of the inf sup test depends only on the topology of the domain and on the chosen approximations. It is not related to the model being considered. The test was performed for basis degree k ¼1 with various support sizes, which were adjusted by means of a factor d ¼1.1…1.9 (see Section 3.2). As expected, if large supports are considered, more domain particles are involved in the boundary approximation: 5 for d¼ 1.1, 8 for d ¼1.5, 11 for d ¼1.9, and the most distant ones lead to traces with very low maximum values. This results in lower values of the inf sup parameter log ðβ h Þ, however, in Fig. 5 a tendency of its steady decrease is still observed for all cases, meaning that the analyzed discretiza tion schemes are said to fail the inf sup test. The results confirm that the choice of traces of meshless approximation functions for the boundary values approximants for the problems presented cannot lead to a stable solution scheme.
Rank deficiency of the flexibility matrix
Both the flexibility matrix (26a) and the stiffness matrix (36a) a r er a n kd e ficient, since they do not include any information regarding the essential boundary conditions. In the compatible model they are imposed directly on the displacements which are the domain unknowns, but for the equilibrated model they are imposed on the stresses, which do not coincide with the domain parameters (the weights of the Airy stress function approxima tion). Hence, for the stress function three rigid body modes are not restrained, even after the essential boundary conditions have been imposed. To eliminate this ill conditioning, extra conditions have to be imposed on the Airy function, which can be set to arbitrary values at any three noncollinear points. Effectively, if Ψ ðx 1 ; x 2 Þ is a solution of (25), then Ψ ðx 1 ; x 2 Þ¼Ψ ðx 1 ; x 2 Þþax 1 þ bx 2 þ c is also a solution of the system, where a, b and c are arbitrary constants, since
These restrictions are imposed by means of discrete Lagrange multipliers at the aforementioned points:
where Ψ i is the imposed value of the Airy stress function on the ith point, i ¼f1; 2; 3g.
Linear dependencies on the essential boundary
When imposing essential boundary conditions, one should take care of possible linear dependencies which arise in vertices connecting two adjacent boundaries. This problem appears in both models. We present it for the compatible one only.
In dependent. To release this constraint we add extra Lagrange multipliers in the following manner:
We also note that it is necessary to ensure the admissibility of nonhomogeneous boundary conditions. For example, at point A, the horizontal displacement in Γ t 1 must coincide with the one in Γ t 2 . The complementary conditions, which constrain imposed tractions, apply to the equilibrated model.
Relation between domain and boundary approximations
The approximation of the Lagrange multipliers should be care fully chosen in order to provide an optimal number of boundary degrees of freedom. On one hand, if the number of boundary constraints is too low, the EBC are imposed insufficiently and, on the other hand, if the boundary is overconstrained, it leads to the ill conditioning of the governing system of equations. In general, domain and boundary approximations are totally independent, so the latter one can be built separately (see Fig. 7a ). Our experience shows that one of the most optimal and reliable ways to build the boundary approximation is to make it coincident with the domain one, i.e., those domain particles, which belong to the essential boundary, are used as boundary nodes for Lagrange multipliers approximation (see Fig. 7b ). This idea is followed throughout all examples.
Computation of local quantities
Besides the computation of bounds of the strain energy, dual analysis can also be applied in the evaluation of upper and lower bounds for local quantities of interest. According to [7] , a local quantity is a weighted integral of a field in a sub region. Most common choice for 2D problems is to consider computing of local quantities along a certain part of the boundary. The weighting function can be considered as a virtual action, therefore the local quantity can be computed using the principle of virtual work, resulting in
where a hat is used for the virtual actions and solutions, subscript "e" refers to equilibrated and "c" refers to compatible values. We only demonstrate the computation of displacements for homogeneous kinematic boundary conditions. For this particular case (68) can be simplified by eliminating the second term. We also introduce the following integrals, which represent the same quantity computed by means of combining solutions of different types: 
where r e and r c are stress fields computed with the equilibrated and compatible models, respectively, andε e is a virtual strain com puted with the equilibrated model. We consider the mean value of (69) and (70):
We introduce a norm of the error between two solutions: Similarly, the same quantity between virtual solutions can be introduced aŝ
It can be shown [7] that an exact value of the local displacement is bounded by
The essential part in obtaining this inequality is the usage of the equilibrated solution for the virtual strain. If one desires to define certain local stress, then the compatible solution for the prescribed virtual displacement should be considered.
Numerical examples
Timoshenko beam problem
Consider a beam subjected to a parabolic tip load as repre sented in Fig. 8a The imposed tangential stress on the right edge is
Hence, the total distributed load acting along the tip boundary renders
The left edge of the beam is subjected to the kinematic boundary conditions defined by the exact solution for displacements:
Implementation of both meshless models requires numerical integration and various strategies can be used to this end. The most straightforward way is to use conventional Gauss integration rules, which implies a mesh of so called integration cells to be built within the domain. In our examples we consider two types of cells, triangular (tri) and quadrilateral (quad), with different rules. An example of particles distribution and quad integration cells used for computation is presented in Fig. 8b , where the beam deformed shape is also shown.
One of the most important parameters required for the con struction of the approximation functions is the MFLS basis degree, k. In this particular beam example 1 r k r 2 was used for the compatible model and 2 rk r3 for the equilibrated one. Lagrange polynomials of the first degree for each particular case were chosen for boundary values approximations.
The system strain energy was the main global quantity analyzed during the computation. The exact solution of this problem is
2 νÞ
According to the results in Fig. 9ab o t hm o d e l sp e r f e c t l yb o u n dt h i s value. Note that, for this problem, the exact solution is obtained if 3rd and 4th degree polynomials are used in the MFLS basis for the compatible and the equilibrated models, respectively. In order to estimate the convergence rates of the model, the following energy norm was used:
where ε num and r num are the computed strain and stress fields respectively and ε exact and r exact are the exact ones. The energy convergence rates (see Fig. 9b ) for the compatible solution can be estimated [16] and are matched by our numerical solutions. However, for the equilibrated model the authors are not aware of such theoretical estimates. The comparison of the performance of the two models reveals the main drawback of the equilibrated one: its high computational cost. Fig. 10 shows the corresponding CPU time, consumed in the construction of systems (25) and (35) and in obtaining their solution (the same domain discretization and integration points distribution are used for both models). As stated in Section 3.2, to get equal orders of approximation for the stress field, bases of higher degree need to be used for the equilibrated model, that, obviously, affects the CPU t
bars), the compatible model appears to be advantageous, mainly, due to two reasons:
(i) higher derivatives of MFLS approximation functions are involved in the evaluation of the flexibility matrix (26a) (2nd order instead of 1st); (ii) larger size of matrix of constraints (36b), since for a parti cular domain, normally, the static boundary is larger than the kinematic one.
Infinite plate with a hole
Consider the problem of the infinite plate [17] with a central circular hole subjected to a unidirectional tensile load p ¼1i nx 1 direction. Plane stress conditions are assumed and Young's mod ulus is E ¼ 1 Â 10 3 and Poisson's ratio is ν ¼ 0:3. Only the upper right quadrant of the plate is modeled due to symmetry, see Fig. 11a . To this end we apply on the right and top sides of the plate the stresses which correspond to exact solution of the problem: Meshes of triangular and quadrilateral integration cells were built in the domain to obtain the governing system of equa tions. Bases with degrees ranging from 1 to 4 were assumed for both models and linear Lagrange polynomials were used for the boundary value approximations.
The exact value of the strain energy for this problem is U exact C 0:0129754, which is strictly bounded by the compatible and equilibrated solutions, see Fig. 12a . Both models demonstrate similar convergence rates comparing to the ones given by the previous example, as shown in Fig. 12b .
To show that the stresses in both cases coincide we provide Fig. 13 , where the stresses s 11 o nt h el e f te d g eo ft h ep l a t ea r e shown. For this case 2nd and 3rd degree bases were used to build the compatible and the equilibrated solutions, respec tively. Since the displacements in the x 1 direction are pre vented on the left edge due to symmetry conditions we can also obtain the values of the Lagrange multipliers which correspond to tractions t 1 in the compatible model. These tractions nearly coincide with the values of stresses computed by both models, see Fig. 13 . We also perform the similar comparison for the stress field s 11 o nt h ee n t i r ed o m a i n , obtained by means of both models. Fig. 13 shows that they are very similar, but the compatible model gives slightly better results, since stresses are only first derivatives of domain variables, while in the equilibrated one they are defined by second derivatives.
The equilibrated model does not provide domain displace ments, but the deformed shape of its boundary can be com puted as we have either prescribed displacements on natural boundaries or values of the Lagrange multipliers on essential ones. The corresponding result is shown in Fig. 14a , which nearly coincides with Fig. 14b , where the displacements are computed with the compatible model. In the latter the sides of the integra tion cells were selected for the visualization.
We also compute the average displacement of the right edge of the plate, Γ 0 , that is marked in Fig. 11a . To this end we apply a vir tual uniformly distributed tensile load along that boundary with the magnitude of 1=boundary length, i.e., 5 . The exact average displacement value is δ exact ¼ 5:340758 Â 10 À 3 . The quantity of interest computation process has an important implementation issue. In order to obtain its value two pairs of solutions are required, and each of them can be computed with different parameters, where the most important one is the degree of the basis k. To make the solution behavior more predictable we will set it for both models in such a way that the same degree of stress approximants is obtained. Therefore to get linear stress approximants the bases of degrees k ¼2 and k ¼3 should be chosen for the compatible model and for the equilibrated model, respectively. Consequently, to have quadratic stress approximants, the degrees of both bases must be increased by 1. Tables 1 and 2 show results for the desirable quantity of interest, computed according to the methodology described in Section 4. We can observe that (i) computed bounds never intersect the exact value and (ii) the size of the interval reduces once the approximation is refined. The data, presented in Tables 1 and 2 ,i ss u m m a r i z e d in Fig. 15 .
Perforated domain
Consider the perforated domain shown in Fig. 16a , where we compute an average displacement of the part Γ 0 of the domain's right edge following the same technique previously applied. The geometry of this example is no longer convex, resulting in the possibility of interaction of particles from the upper part of the domain with points of interest from the lower one. If the supports are small enough, then overlapping, when it occurs, does not affect the solution significantly, since the weight function tends to take small values when the point of interest is located at a distance r 4 0:5h 0 , where h 0 is a support size.
In this example only quadrilateral integration cells were used. Also we consider bases of degrees 2 r k r 3 and 3 r k r 4 for the compatible and equilibrated model, respectively. Linear Lagrange polynomials were used for the boundary approximants. Tables 3 and 4 represent lower and upper bounds of the prescribed quantity of interest for different stress approximants respectively and Fig. 17 summarizes this data graphically. We can Analyzing the slope of the interval size reduction in both Figs. 15b and 17b, one can observe that the degree of the basis used to build the approximation does not improve significantly the results, unlike what would be expected, based on the experience with similar plots for FEM models. But such direct comparison between the FEM p refinement and the MFLS approximants basis increment is misleading. The FEM p refinement assumes that the number of elements is kept constant but the number of degrees of freedom within each element increases according to the higher order of the element, resulting in a larger number of degrees of freedom. On the other hand, when the degree of the basis used to build MFLS approximation functions is increased, the number of degrees of freedom is kept unaltered. Therefore the change of the basis for the meshless approximants cannot be directly compared with the conventional p refinement in the FEM.
Conclusions
We successfully exploited the possibility of using a dual analysis approach by means of meshless methods, with multiple fixed least squares approximations used as the core for the discretization process. Both equilibrated and compatible models were presented: the former was given in more detail, while the latter was shortly highlighted referring to previous well known works. The dual approach was successfully used for bounds computation of both global and local quantities in several numer ical examples.
The main implementation issues, generally associated to the equilibrated model, were outlined. In order to avoid the identified difficulties, the following requirements are mandatory for a robust implementation:
(i) To prevent ill conditioning of the moment matrix, A, used to set up the MFLS approximation functions, the domain dis cretization demands, even for simple cases, a larger number of particles in comparison with the compatible model. This requirement arises due to the high degree of the basis used to build the equilibrated solution. We remark that, even though for the same accuracy the equilibrated model requires more particles, the number of degrees of freedom is comparable with the compatible one, since it has one DOF per particle instead of two. (ii) The natural ill conditioning of the flexibility matrix should be explicitly considered. (iii) Some dependencies may arise on the essential boundary.
They should be eliminated, for instance, by means of the intro duction of extra Lagrange multipliers. In fact, this problem also appears in the compatible solution, but since the static boundary is usually larger than the kinematic one, the equi librated model is much more prone to this kind of problems. Care should also be taken to ensure the admissibility of the non homogeneous boundary conditions.
An attempt to impose the EBC locally was performed. This idea leads to the usage of the boundary traces of the domain approx imants as the Lagrange multipliers approximation basis for the EBC enforcement. Once the suggested approach was implemented, problems related to numerical stability of the obtained system of equations arose. The inf sup test confirmed the observed problem. It induces one to use totally different function spaces for the 
Table 1
Reduction of the size of the intervals bounding the exact displacement using linear stress approximants for the plate with a hole problem. Table 2 Reduction of the size of the intervals bounding the exact displacement using quadratic stress approximants for the plate with a hole problem. domain and for the boundary approximations in the case of the meshless methods, making strict EBC enforcement impossible for the proposed techniques. Nevertheless, the resulting lack of equilibrium which may appear on the essential boundary is negligible and can be disregarded.
Once these limitations are known, dual analysis can be per formed efficiently. The presented numerical examples demon strate the robustness of the described approach:
(i) the exact value of the strain energy is perfectly bounded by the compatible and the equilibrated models; (ii) the bounds of the error of local quantities are also strict; (iii) the energy error reduces once the domain particles distribu tion is refined, demonstrating adequate rates of convergence; (iv) the results do not depend significantly on the integration cells type, thus confirming the precision of the computed integrals; (v) the graphical representation of the deformed shapes and stress fields of both models reveals a close matching.
The stress model cannot replace the displacement one due to the reasons mentioned above but it can serve as a natural verification method for global (strain energy) and local (stresses 
